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Abstract
Subgroups A and B of a finite group are said to be totally permutable if every subgroup of A
permutes with every subgroup of B. The behaviour of finite pairwise totally permutable products are
studied with respect to certain classes of groups including the class of groups where all the subnormal
subgroups permute with all the maximal subgroups, the so-called SM-groups, and also the class of
groups where all the subnormal subgroups are permutable, the so-called PT-groups.
 2004 Elsevier Inc. All rights reserved.
1. Introduction and statement of results
Throughout this paper all groups considered are finite.
Subgroups A and B of a group G are said to be totally permutable if every subgroup of
A permutes with every subgroup of B . Asaad and Shaalan [3] first introduced this property
where they proved that a group is supersoluble whenever it is the totally permutable product
of supersoluble subgroups. Maier [22] extended their result to saturated formations F
which contain the class U of supersoluble groups. More specifically, Maier showed that
if G = AB is the totally permutable product of F -subgroups, then G ∈ F . A significant
number of results on such products in relation to formations were obtained by Carocca [13],
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and Pérez-Ramos [7]. Moreover, Hauck, Martínez-Pastor, and Pérez-Ramos [16–18]
extended the study of finite pairwise totally permutable products to certain types of Fitting
classes, in particular to Fischer classes. For example, let the group G = G1G2 · · ·Gr be the
product of the pairwise totally permutable subgroups G1, . . . ,Gr and let F be a Fischer
class containing U . Then G ∈F if and only if Gi ∈F , 1 i  r .
In this paper we take a look at some group theoretical properties different from those
described by formations or Fitting classes. Our starting point is the following: suppose
G = G1G2 · · ·Gr is a product of pairwise totally permutable subgroups Gi . Because of
this strong permutability condition between the Gi , it is reasonable to conjecture that
certain permutability properties of G should also hold in the groups Gi (and possibly
vice versa). To be more specific, we are interested in properties given by the ascending
series of the classes of T-, PT-, PST-, SC-, and SM-groups, respectively. These classes
are defined through certain permutability properties or closely related concepts. We give a
short description of these classes and the corresponding results obtained in this paper.
A subgroup of a group G is called permutable if it permutes with every subgroup of G.
By a result of Ore [24, 13.2.1], a permutable subgroup of G is subnormal in G, but of
course the converse need not hold. The class of SM-groups, investigated by Beidleman
and Heineken [12], is defined by a weak permutability property of subnormal subgroups;
namely, it consists of those groups where each subnormal subgroup permutes with every
maximal subgroup. It turns out (cf. Theorem 2 of Section 2) that SM-groups are just those
groups where the Frattini-factor group is an SC-group, that is, all chief factors are simple.
SC-groups have been introduced and classified by Robinson [23]. Our first two results
show that the properties of being an SC-group or an SM-group, respectively, behave nicely
with respect to totally permutable products.
Theorem A. Let the group G = G1G2 · · ·Gr be the product of the pairwise totally
permutable subgroups G1, . . . ,Gr . Then G is an SC-group if and only if Gi is an SC-
group for all i ∈ {1,2, . . . , r}.
Theorem A has been established by Ballester-Bolinches and Cossey [9] for the case
r = 2. Note that the proof given here is much different.
To state the result about SM-groups we recall that for any group H , ZU (H) will denote
the U -hypercenter of H (see [15, IV, 6.8]), where U denotes the saturated formation of
supersoluble groups.
Theorem B. Let the group G = G1G2 · · ·Gr be the product of the pairwise totally
permutable subgroups G1, . . . ,Gr and let N = ZU (G). Then the following are equivalent:
(1) G is an SM-group;
(2) G/N is an SM-group;
(3) (G/N)/φ(G/N) is an SC-group;
(4) (GiN/N)/φ(GiN/N) is an SC-group for 1 i  r;
(5) GiN/N is an SM-group for 1 i  r;
(6) Gi is an SM-group for 1 i  r .
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a PT-group (T-group) if permutability (normality) is a transitive relation. By the before-
mentioned result of Ore, PT-groups are exactly those groups where all subnormal sub-
groups are permutable. In particular, every T-group is a PT-group. PT-groups and T-
groups are considered in [1,4,8,11,12,14,23]. PST-groups are also defined via a transitivity
property, namely with respect to S-permutability, a concept which in the last four years
has gained considerable interest (see [1,4,8,9,12]): a subgroup of a group G is called S-
permutable if it permutes with all the Sylow subgroups of G (see [25]). By a result of Kegel
[20, Satz 1], every S-permutable subgroup is subnormal and hence PST-groups are exactly
those groups in which all subnormal subgroups are S-permutable. In particular, PT-groups
are PST-groups. Moreover, PST-groups are SC-groups (cf. Theorem 3 of Section 2). We
have the following result.
Theorem C. Let the group G = G1G2 · · ·Gr be the product of the pairwise totally per-
mutable subgroups G1,G2, . . . ,Gr . Then
(1) if G is a T-group, then all the Gi ’s are T-groups;
(2) if G is a PT-group, then all the Gi ’s are PT-groups;
(3) if G is a PST-group, then all the Gi ’s are PST-groups.
Ballester-Bolinches and Cossey [9, Theorem B] give a very nice proof for (3) when
r = 2. The proof of part (2) of Theorem C presented here is similar in a number of places
to their proof.
We mention that unlike for SM- and SC-groups, the converses of parts (1)–(3) in
Theorem C do not hold: S3 is a T-group, but the direct product of two copies of S3
is not even a PST-group. Nevertheless, there is still strong structural information about
totally permutable products of certain classes of groups including the classes of PST-, PT-,
and T-groups. Before stating the corresponding result, we recall that GN (GS) denotes
the nilpotent (soluble) residual of a group G, the smallest normal subgroup N such that
G/N is nilpotent (soluble). Moreover, we make use of the Wielandt subgroup w(G) of G,
the subgroup consisting of those elements of G which normalize each of the subnormal
subgroups of G. Wielandt [24, 13.3.7] proved that w(G) contains every minimal normal
subgroup of G and so w(G) = 1 if G = 1.
The Wielandt series of a group G are defined by w1(G) = w(G) and wi+1(G)/wi(G) =
w(G/wi(G)). The smallest n such that wn(G) = G is called the Wielandt length of G. This
length is a measure of the complexity of the subnormal structure of G (see [14]).
Theorem D. Let the group G = G1G2 · · ·Gr be the product of the pairwise totally per-
mutable PST-subgroups G1,G2, . . . ,Gr . Let Di denote GS and Ci denote GNi , 1 i  r .
Then
(1) G is an SC-group and hence an SM-group;
(2) G induces by conjugation power automorphisms on Ci/Di , 1 i  r;
(3) Ci w(G);
(4) C1C2 · · ·Cr is a normal T-group;
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G be at most m. Then G has Wielandt length at most m + 1. In particular, G has
Wielandt length at most m + 2.
A result similar to Theorem D can be established when the subgroups Gi , 1  i  r ,
are PT- (respectively T-) groups.
2. Preliminary results
In this section we provide certain results that can be used in proving Theorems A–D.
Theorem 1 ([10, Theorem 1], [17, Lemmas 2 and 3], [18, Theorem 1]). Let the group G =
G1 · · ·Gr be the product of the pairwise totally permutable subgroups G1,G2, . . . ,Gr . Let
{I, J } be a partition of {1,2, . . . , r}. Then
(1) [GNi ,Gj ] = 1 for all j = i . In particular, GNi is normal in G.
(2) [∏i∈I Gi,∏j∈J Gj ] is a nilpotent normal subgroup of G.
(3) [∏i∈I Gi,∏j∈J Gj ] ZU (G) =∏ri=1 ZU (Gi). In particular,
(∏
i∈I
Gi
)
∩
(∏
j∈J
Gj
)
ZU (G).
(4) G/ZU (G) = (G1ZU (G)/ZU (G)) × · · · × (GrZU (G)/ZU (G)).
(5) If S (respectively Si ) denotes the soluble radical (i.e., the largest soluble normal
subgroup) of G (respectively Gi ), then S = S1S2 · · ·Sr and Si = S ∩ Gi, 1 i  r .
Lemma 1. Let the group G = G1G2 · · ·Gr be the product of the pairwise totally
permutable subgroups G1,G2, . . . ,Gr . Let D (respectively Di ) be the soluble residual
of G (respectively Gi ), 1  i  r . Let S (respectively Si ) be the soluble radical of D
(respectively Di ), 1 i  r . Then
(1) Di and Si are normal subgroups of G, S = S1 · · ·Sr , and Si = S ∩ Di , 1  i  r .
Moreover, D = D1D2 · · ·Dr .
(2) Z(Di) is normal in G, Z(D)∩Di = Z(Di), 1 i  r , and Z(D1) · · ·Z(Dr) = Z(D).
(3) D/S is a direct product of G-invariant simple groups if and only if Di/Si is a direct
product of G-invariant simple groups, 1 i  r .
(4) D/Z(D) is a direct product of G-invariant simple groups if and only if Di/Z(Di) is
a direct product of G-invariant simple groups, 1 i  r .
Proof. Since Si and Di are normal subgroups of Gi contained in GNi , they are normal
subgroups of G by Theorem 1(1). Put E = D1D2 · · ·Dr and note that the group G/E =
G1E/E · · ·GrE/E is the product of the pairwise totally permutable soluble subgroups
G1E/E, . . . ,GrE/E and so G/E is soluble by [13, Theorem 1]. Hence, since Di D,
D = E. That S ∩ Di = Si and S = S1S2 · · ·Sr follows from Theorem 1(5) and D =
D1 · · ·Dr is the pairwise totally permutable product of D1, . . . ,Dr . Hence, (1) follows.
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Theorem 1(1). It is clear that Z(Di) = Di ∩ Z(D) and Z(D1) · · ·Z(Dr) = Z(D). Thus
(2) holds.
Assume that Di/Z(Di) is a direct product of G-invariant simple groups. Then
D/(Z(D1) · · ·Z(Dr)) is a product of G-invariant simple subgroups and hence a direct
product of such subgroups. Conversely, assume that D/Z(D) is a direct product of
G-invariant simple subgroups. Since DiZ(D)/Z(D) is G-isomorphic to Di/Z(Di), it
follows that Di/Z(Di) is a direct product of G-invariant simple subgroups. Therefore,
(4) holds.
We note that (3) follows using a proof similar to the one used to establish (4). This
completes the proof. 
The next lemma characterizes SC-groups.
Lemma 2 [23, Propositions 2.4 and 2.6]. Let D be the soluble residual of the group G.
Then
(1) G is an SC-group if and only if G/D is supersoluble, D/Z(D) is a direct product of
G-invariant simple groups and Z(D) is supersolubly embedded in G (that is, there is
a G-admissible series of Z(D) with cyclic factors).
(2) Let G be an SC-group. Then CG(D) = CG(D/Z(D)) is the soluble radical of G.
SM-groups are characterized in the following result.
Theorem 2 [12, Theorem A]. Let G be a group. Then the following are equivalent:
(1) G is an SM-group;
(2) G/φ(G) is a SC-group;
(3) (a) all soluble quotients of G are supersoluble,
(b) all perfect subnormal subgroups of G are normal,
(c) G/φ(G) is an extension of a direct product of nonabelian simple groups by a
supersoluble group.
We now consider the soluble residual of an SM-group.
Lemma 3. Let D be the soluble residual of the SM-group G and let S be the soluble radical
of D. Then
(1) D/S is a direct product of G-invariant simple groups.
(2) S  φ(G).
Proof. By the proof of [12, Theorem A(iii)] the chief factors of G below S do not have a
proper supplement in G. Thus S  φ(G) by [15, Theorem 9.2, p. 30]. Moreover, by part (2)
of Theorem 2 and Lemma 2, D/S is a direct product of G-invariant simple groups. 
The next lemma is needed to prove Theorem B.
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(1) G is an SM-group,
(2) G/N is an SM-group.
Proof. It is clear that (2) follows from (1). Assume now that (2) is true. Let M be a
maximal subgroup of G. If N  M and S is some subnormal subgroup of G, then so
is SN and SM = (SN)M = M(SN) = M(NS) = MS. Hence we can assume that M does
not contain N . Let K be the core of M in G, that is, the maximal normal subgroup of G
that is contained in M . Let R/N ∩ K be a minimal normal subgroup of G/N ∩ K that is
contained in N/K∩N . Then G = RM and RK/K is the only minimal normal subgroup of
G/K . Furthermore, CG/K(RK/K) = RK/K . Let T be a subnormal subgroup of G. Since
RK/K is cyclic, either T K or RK  TK . We can assume that TK contains RK . Then
TM = TKM contains RKM = G whence TM = MT = G. 
We finally collect those results about PST-groups that are needed in the proofs of
Theorems C and D.
Theorem 3 ([4, Theorem A], [7, Theorem 5], [8, Proposition 1], [1, Theorems 2.3 and 2.4],
[9, Lemma 3]).
(1) Every PST-group is an SC-group and also an SM-group.
(2) If G is a PST-group, then the nilpotent residual GN of G is a T-group.
(3) The soluble group G is a PST-group if and only if GN is an abelian Hall subgroup of
odd order on which G acts by conjugation as power automorphisms.
(4) If G is a PST-group with soluble radical S, then G acts by conjugation on the nilpotent
residual SN of S as power automorphisms.
Lemma 5. Let G be a PST-group and K its nilpotent residual. Let N be a subnormal
nilpotent subgroup which is contained in K . Then N belongs to the center of K .
Proof. Since NG is a nilpotent subgroup of G contained in K we can assume that N is
normal. Further, we can assume that N is normal p-subgroup of G, p a prime. Since G
is a PST-group, it follows from [11, Theorem A] that the elements of G of order prime to
p normalize each subgroup of N and hence act as power automorphisms of N . Thus D
centralizes N , denoting by D the soluble residual of G.
Put C = CG(N) and assume that C ∩ K has index in K prime to p. Then N  C and
is abelian. Let y be an element of K whose order is a power of a prime q , q = p, which is
not contained in C. Then y induces a proper power automorphism on N . Notice that y is
not contained in D.
Now by Theorem 3(3), K/D is an abelian Hall subgroup of G/D on which G acts by
conjugation as power automorphisms. Thus, there is an element x of G whose order is
prime to q that induces a proper power automorphism on 〈y〉D/D. But no power yx of y
(mod D) induces the same power automorphism as y on N , a contradiction.
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of K in G so that G is generated by all the Sylow r-subgroups of G, r = p. By the above,
all such Sylow r-subgroups act on N as power automorphisms. If N is centralized by all
these Sylow r-subgroups, then N is contained in the center of K . Hence assume that there
is a Sylow r-subgroup which does not centralize N . By [10, Lemma 1] N is abelian and
G/CG(N) is abelian. It follows that K is contained in CG(N) which yields the desired
contradiction. 
3. Proofs of the theorems
Proof of Theorem A. Let the group G = G1G2 · · ·Gr be the product of the pairwise
totally permutable subgroups G1,G2, . . . ,Gr . By Theorem 1(4),
G/ZU (G) = G1ZU (G)/ZU (G) × · · · ×GrZU (G)/ZU (G).
Assume that Gi is an SC-group. Then GiZU (G)/ZU (G) is an SC-group and hence G
is also an SC-group. Conversely, assume that G is an SC-group. Then Gi/(Gi ∩ ZU (G))
is a SC-group from which we conclude Gi is also such a group. 
Proof of Theorem B. Let the group G = G1G2 · · ·Gr be the product of the pairwise
totally permutable subgroups G1,G2, . . . ,Gr and let N = ZU (G). We begin by showing
the equivalence of (3) and (4). By Theorem 1(4),
G/N = G1N/N × · · · ×GrN/N
and so
φ(G/N) = φ(G1N/N) × · · · × φ(GrN/N).
Thus (G/N)/φ(G/N) is isomorphic to the direct product of the factors
(GiN/N)/φ(GiN/N),
for 1 i  r . Since an SC-group is inherited by direct products, (3) and (4) are equivalent
by Theorem 2.
We have N ∩ Gi ⊆ ZU (Gi) and GiN/N ∼= Gi/N ∩ Gi . Now Lemma 4 shows that (1)
and (2) and likewise (5) and (6) are equivalent. Also (2) and (3) and likewise (4) and (5)
are equivalent by Theorem 2. This completes the proof. 
We note that Lemmas 1 and 3 can be used to give a different proof that (1) implies (6)
in Theorem B.
Proof of Theorem C. We prove part (2) of Theorem C and note that the proofs of parts
(1) and (3) are similar.
Let the PT-group G = G1G2 · · ·Gr be the product of the pairwise totally permutable
subgroups G1,G2, . . . ,Gr . Assume that the result is false and that G is of minimal order.
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assume that H does not permute with the subgroup W of G1. We assume that H is of
minimal order. Let L be the core of H in G. Then the PT-group G/L = G1L/L · · ·GrL/L
is the product of the pairwise totally permutable subgroups G1L/L, . . . ,GrL/L. If L = 1,
by choice of G, H/L is permutable in G1/L and so H is permutable in G1. Thus L = 1.
Let T be the soluble residual of H and let D1 be the soluble residual of G1. Then
T D1 GN1 and, by Theorem 1(1), T is subnormal in G. Since G is a PT-group, T is
permutable in G and the core of T in G is 1. Now G is a PST-group and hence an SM-
group by Theorem 3(1). Moreover, since T is a perfect subnormal subgroup of G, it is
normal by Theorem 2(3). Thus T = 1. It follows that H is soluble.
Let Si , 1 i  r , be the soluble radical of Gi . By Theorem 1(5), S = S1S2 · · ·Sr is the
soluble radical of G and so H  S. Since HN  SN , it follows by Theorem 3(4) that HN
is a normal subgroup of G. Thus HN = 1 and H is nilpotent. By choice of H in G, we
can assume that H is a p-group for some prime p.
Note that SN = 1. For if SN = 1, then S is nilpotent and H is a subnormal subgroup
of G. Since G is a PT-group, HW = WH , a contradiction. Thus SN = 1. Put X = SN
and note that every subgroup of X is normal in G by Theorem 3(4). The PT-group G/X is
the pairwise totally permutable product of the subgroups G1X/X, . . . ,GrX/X.
By choice of G, HWX is a subgroup of G and HWX ∩ G1 = HW(X ∩ G1). If
X ∩ G1 = 1, then HW is a subgroup of G1, a contradiction. Let N be a minimal normal
subgroup of G contained in X ∩ G1 and note N is not contained in H . By a result of
Wielandt (see [24, 13.3.7]) N normalizes H and so HN is nilpotent. Also, by choice of G,
HN is a permutable subgroup of G1. Because of Theorem 3(3), X is a Hall subgroup
of the PT-group S and X ∩ H = 1 so that (|H |, |N |) = 1. This means that H is a Sylow
subgroup of HN . By a result of Itô–Szép [19] H is a permutable subgroup of G1, a final
contradiction. This completes the proof. 
Proof of Theorem D. Let the group G = G1G2 · · ·Gr be the product of the pairwise
totally permutable PST-subgroups G1, . . . ,Gr . Then Gi is an SC-group by Theorem 3(1).
Therefore G is an SM-group by Theorems A and 2. Thus (1) holds.
For the soluble residual Di and the nilpotent residual Ci = GNi , we have by
Theorem 1(1), [Di,Gj ] = [Ci,Gj ] = 1 for all i = j . Further, by Theorem 3(3), Gi
acts by conjugation as power automorphisms on Ci/Di and hence G does also. This
establishes (2).
Now Di is a perfect normal subgroup of G which is also a T-group by Theorem 3(2).
By a result of Kegel [20] (see also [21, p. 152]), Di  ω(G) = ω1(G). By Lemma 1,
D = D1D2 · · ·Dr  ω1(G). We want to show now that L = C1C2 · · ·Cr  ω(G). Assume
that this statement is false and consider a subnormal subgroup U of G such that U is not
normalized by L and which is minimal with respect to this property. We deduce first that
U cannot be perfect, since otherwise it is normal by (1) and Theorem 2(3). This together
with minimality yields that U = U ′ = UN and that U/U ′ is cyclic of order a power of a
prime q . If U is not normalized by L, then there is an element x of order a power of some
prime p and contained in some Ci which does not normalize U . Since D  ω(G), we have
that x /∈ Di . Consider the subgroup K = 〈d−1Ud | d ∈ Ci〉. By a theorem of Wielandt (see
[26, Satz 1.5, p. 56]), KN = UN , and K/UN is a q-group. Let UN ∩Ci = R. Notice that
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subgroup of Ci/R = (Gi/R)N . Now Gi/R is a PST-group and by Lemma 5, K ∩ Ci/R
is contained in the center of Ci/R. We find [K,x]  Ci and [[K,x], x]  R  KN .
Since K/KN is an x-invariant subgroup, p = q would imply [K,x]  KN whence U
is normalized by x , a contradiction. Thus p = q . Now the element y ∈ U is a product ab
where b is some element of (G1G2 · · ·Gi−1Gi+1 · · ·Gr)G and a ∈ Gi is an element of
order a power of p. By Theorem 3(3), we know that |Gi : Ci | and |Ci : Di | are relatively
prime, and we deduce a ∈ Ci . Notice that a and all of its conjugates in G centralize b. Let
U1 be the minimal subnormal subgroup of G that contains a and U2 be the same for b. We
find that UN = UN1 UN2 and U U1U2. Note b and U2 are centralized by x , also U1/UN1
is centralized by xUN1 by Lemma 5. Now x−1Ux = 〈a[a, x]b,UN1 UN2 〉 = U , the final
contradiction. We have shown that L ω(G). Thus (3) holds. Put G = G/L. Then G is a
supersoluble group. Further G has Wielandt length at most m+ 1 by [2, Theorem 3.4] and
[14, Theorem 1]. Thus G has Wielandt length at most m + 2 and (5) holds. It is clear that
L is a T-group since L ω(G) and (4) holds. This completes the proof. 
We mention that as a consequence of part (3) of Theorem D a PST-groupG has Wielandt
length at most c + 1 where c is the nilpotency class of G/GN . The central product of
PSL(2,5) and C2 wr C2n shows that this bound cannot be improved.
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